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1
2 SAHARON SHELAH
§1
We continue to investigate club guessing, (see [Sh:g, Ch.III], [Sh:e, Ch.VI,§2]),
continuing Dzamonja Shelah [DjSh 691].
1.1 Claim. Assume
(a) λ > κ > θ+ are regular, κ ≥ σ
(b) Sθ ⊆ {δ < λ : cf(δ) = θ} is stationary
(c) Sκ ⊆ {δ < λ : cf(δ) = κ} is stationary
(d) e¯ = 〈eα : α < λ〉, eα ⊆ α a club (e0 = ∅, eα+1 = {α})
(e) for every club E of λ, (∃statδ ∈ Sκ)[δ = sup(E ∩ nacc(eδ))]
(f) δ ∈ Sκ ⇒ (∃
statα < δ)(α ∈ Sθ & eα = eδ ∩ α)
(g) S ⊆ λ is unbounded not reflecting1
(h) α ∈ Sκ ⇒ otp(eα) = κ.
Then we can find club c∗α of α for α ∈ Sθ such that
(α) for E ⊆ λ club, A ⊆ S unbounded we have {δ ∈ Sκ : {α ∈ eδ ∩ Sθ : α =
sup(A ∩ nacc(c∗α))} stationary in δ} is stationary in λ
(β) λ = µ+ ⇒ otp(c∗α) < µ
ω.
Before proving
1.2 Observation. : Each of the statements (∗)1, (∗)2, (∗)3 implies ⊗ where
⊗ there is g : Sθ → σ such that Sκ,g /∈ id
p(e¯ ↾ Sκ) where
Sκ,g = {δ ∈ Sκ : for every ζ < σ we have {α ∈ eδ : α ∈ Sθ and g(α) = ζ} is
stationary (in δ)}
(∗)1 σ
+ < κ
(∗)2 κ
σ < λ
(∗)3 = (∗)
3
λ,κ,σ there is P ⊆ [κ]
σ of cardinality < λ such that for every club E
of κ for some X ∈ P we have X ⊆ E.
Proof. By guessing clubs ([Sh:g, Ch.III,§2]) or cardinal arithmetic, clearly (∗)1 ⇒
(∗)3 and (∗)2 ⇒ (∗)3 so assume (∗)3. Without loss of generality X ∈ P ⇒
otp(X) = σ and let X = {γX,i : i < σ}, γX,i increasing with i; stipulate γX,σ = κ.
For every limit ordinal α < λ let fα be an increasing continuous function from cf(α)
into α such that if α ∈ Sκ then Rang(fα) = eα. For ξ < θ an X ∈ P we define
gX,ξ : Sθ → σ + 1 as follows:
gX,ξ(δ) = Min{i ≤ σ : fotp(eδ)(ξ) ≥ γX,i}
and define
1for weaker conclusion: not reflecting outside itself, see 1.6
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Sκ,X,ξ =
{
δ ∈ Sκ :for every i < σ the set
{α ∈ Eδ ∩ Sθ : gX,ξ(δ) = i} is stationary in δ
}
.
Now we shall prove that:
⊠1 for some ξ < θ and X ∈ P we have Sκ,X,ξ /∈ id
p(e¯ ↾ Sκ) i.e. for every club
of λ, (∃statδ ∈ Sκ,X,ξ)(δ = sup[E ∩ nacc(eδ)]).
Why? If not then for every ξ < θ,X ∈ P for some club Eξ,X of λ, {δ ∈ Sκ,X,ξ :
δ = sup(E∩ nacc(eδ))} is not stationary so without loss of generality δ ∈ Sκ,X,ξ ⇒
δ > sup(E ∩ nacc(eδ)). Let E =: ∩{Eξ,X : ξ < θ and X ∈ P}, so E is a club of λ
hence for some δ ∈ Sκ, δ = sup(E ∩ nacc(eδ)).
Let s = {α < κ : cf(α) = θ and fδ(α) ∈ Sθ, efδ(α) = eδ ∩ fδ(α)}, so by an
assumption, the set s is stationary, so by Fodour and Ulam, for some ξ < θ we
have:
Aδ∗,ξ = {γ < κ : (∃
statα ∈ s)(fα(ξ) = γ)}
is unbounded in κ.
Let C = {α < κ : α limit and α = sup(α∩Aδ∗,ξ}, it is a club of κ. Hence for some
X ∈ P, X ⊆ C. It is easy to check that δ contradicts the choice of Eξ,X which is
⊆ E; so ⊠ really holds.
Fix (ξ∗, X∗) ∈ κ×P as in ⊠ and let g∗ = gξ∗,X∗ . It is easy to check that g
∗ is as
required. 1.2
Proof of 1.1. Let for α < λ,Cα be a club of α such that Cα+1 = {α}, C0 = ∅ and
[α limit /∈ A⇒ acc(Cα) ∩A = ∅].
For α ∈ Sθ ∪ Sκ let eα,n be defined by
eα,0 = eα
eα,n+1 = eα,n ∪
{
β : for some γ0 ∈ eα,n letting γ1 = Min(eα,n\(γ0 + 1))
we have β ∈ (γ0, γ1), β ∈ Cγ1 .
}
Note
⊠2 if δ1, δ2 ∈ Sθ ∪ Sκ, eδ1 = eδ2 ∩ δ1, δ1 ∈ eδ2 then
∧
n
[eδ1,n = eδ2,n ∩ δ1].
Note
⊙
if A ⊆ S and β ∈ A ∩ δ\eδ, δ ∈ Sθ then for some n < ω we have β ∈
nacc(eδ,n)
[Why? Check.]
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For δ ∈ Sθ let c
∗
δ = eδ,g∗(δ) if g
∗(δ) < ω and eδ if g
∗(δ) ≥ ω. We shall show that
〈c∗δ : δ ∈ Sθ〉 is as required. The bound on order type if λ = µ
+ should be clear.
Let E be a club of λ and A ⊆ S be such that: α ∈ S\A ⇒ A ∩ acc(eα) = 0;
clearly E′ = {δ ∈ E : δ a limit ordinal > κ and otp|A ∩ δ| = 0} is a club of E,
so for some δ∗ ∈ Sκ,X∗,ξ∗ we have δ
∗ = sup(E′ ∩ nacc(eδ∗)). By
⊙
for some
n∗ < ω, δ∗ = sup(A ∩ nacc(eδ∗,n∗)) hence t = {α ∈ eδ∗ ∩ Sθ : eα = eδ∗ ∩ α and
gX∗,ξ∗(α) = n
∗} is stationary in δ∗ hence t∗ = {α ∈ t : α = sup(A∩ nacc(eδ∗,n∗))}
is stationary in δ∗ but for α ∈ t∗ necessarily α = sup(A ∩ nacc(eδ∗,n∗)) = (A ∩
nacc(eα,n∗) = sup(A ∩ nacc(C
∗
α)), so we are done. 1.1
1.3 Claim. Let λ, κ, θ, Sκ, Sθ satisfy clauses (a),(b),(c),(g) from 1.1 and (f), i.e.
[δ ∈ Sκ ⇒ δ ∩ Sθ stationary in δ].
Then for some e¯ the assumption (d),(e),(h) (hence the conclusion of 1.1) holds if
at least one of the following occurs:
(A) λ is a successor of regular,
κ < λ, κ = cf(κ) > θ + ℵ1,cf(θ) = θ
(B) λ is a successor of regulars, ℵ1 = κ < λ, θ = ℵ0, 2
ℵ0 < λ
(C) λ is a successor of a singular, θ < κ regular < λ and cf(λ−) /∈ {θ, κ}
Sκ ∈ I[λ] and: λ is strong limit or at least (∀α < λ
−)(|α|θ ≤ λ∗).
Proof. If (A) or (B) holds, we use the square on successor of a regular (exists by
[Sh 351, §4] or [Sh:e, Ch.III,§3.x]) to find S+ ⊆ λ on which we have square, S+∩Sκ
stationary and continue as usual, (see [Sh:g, Ch.III,2.14(3),(4)] or [Sh:e, Ch.III,3.x])
to get also club guessing. If (C), for the existence of 〈eα : α ∈ Sθ ∪ Sκ〉 as required
see (x.x) (or just let λ = µ+, 〈µε : ε < cf(µ)〉 be increasing continuous with limit
µ, µ0 > κ, we can find a¯ = 〈aα : α < λ〉 such that aα ⊆ α, otp(aα) ≤ κ, β ∈ aα ⇒
aβ = aα ∩ β and for some club E of λ we have δ ∈ S ∩ E ⇒ α = sup(aα)).
Let Cα be α∩ closure(aα) for each β > 0, β ∈ Sθ let Pβ = {cα∩β : β ∈ cα, α < λ
+}
be lised as 〈dβ,ζ : ζ < µ〉, possible as |Pβ| ≤ µ.
For α ∈ S∩E let hα : cα∩Sθ → µ be defined by hα(β) = Min{ε < cf(µ) : cα∩β =
dβ,ε}.
Now we use the following strengthening of [EK], see ([xx])
⊗ if cf(µ) 6= θ = cf(θ), λ = µ+, (∀α < µ)(|α|θ < µ) then we can find fα ∈
λµ
for α < µ such that for every A ∈ [λ]θ and f ∈ Aµ for some α < µ we have
|{i ∈ A : f(i) = fα(i)}| = θ.
So for some ζ letting eβ = β∩ closure(dβ,fζ(β)), we are done. hfill1.3
1.4 Claim. Assume clauses (a)-(g) of 1.1 and
(e)+ Sκ /∈ id
a(e¯ ↾ Sκ) (easy to get, by minor corrections follows from (e) by
intersecting with a suitable clue using (h)
(i) ℵτ0 ≤ σ.
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Then we can strengthen the conclusion in 1.2 to
(∗)τ if Aε ⊆ S for ε < τ and E a club of λ, then for stationarily many δ ∈ Sκ
for stationarily many α ∈ Sθ ∩ eδ we have eα = eδ ∩ α and α = sup(Aε ∩
nacc(e∗α)) for ε < τ .
Proof. The difference concerns the use of eα,n. We define eα,n as before and then
define eα,h for every α ∈ Sθ and h ∈
τω as follows:
eα,h = eα ∪
{
(γ0, γ1) ∩ eα,n :γ0 < γ1 are successive members of
eα and γ0 = i mod τ & i < τ ⇒ n = h(i)
}
.
Let {hζ : ζ < ℵ
τ
0} list
τω and let g : Sθ → σ be as in the previous proof and lastly
c∗α = eα,(hg(α)). The rest should be clear. 1.4
1.5 Remark. 1) If we restrict ourselves to stationary A ⊆ S, then for club E we can
demand α = sup(A ∩E ∩ nacc(c∗α)) as we can work on A.
1.6 Claim. Assume
(a) λ > κ > θ are regular, κ > σ ≥ σ1 ≥ ℵ
τ
0
(b) Sθ ⊆ {δ < λ : cf(δ) = θ} stationary
(c) Sκ ⊆ {δ < λ : cf(δ) = κ and Sθ ∩ δ is stationary} is stationary
(d) e¯∗ = 〈e∗α : α < λ〉, e
∗
α ⊆ α, e
∗
α+1 = {α}, α limit ⇒ e
∗
α a club of α
(e) S ⊆ λ and e¯∗ runs away from S which means α ∈ λ\S & α limit ⇒
S ∩ acc(e∗α) = ∅ so this implies: S does not reflect outside itself
(f) (∗)3λ,σ,σ1 from 1.2.
Then we can find c¯∗ = 〈c∗α : α ∈ Sθ〉 such that
(α) c∗α a club of α
(β) if Aε ⊆ S is unbounded for ε < τ and runs away from e¯
∗, then for sta-
tionarily many δ ∈ Sκ, for stationarily many α < δ, we have
∧
ε<τ
α =
sup(Aε ∩ nacc(c
∗
α)).
Proof. For limit α < λ let 〈γα,ε : ε < cf(α)〉 be increasing continuous with limit α.
By Fodor and Ulam for every δ ∈ Sκ there are ξδ < θ and γδ < δ such that
⊙
1 cf(γδ) = σ⊙
2 for every γ < γδ the set
{α ∈ Sθ ∩ δ : γα,ξ ∈ (γ, γδ)} is stationary in δ.
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By Fodor for some γ∗, ξ∗ we have
S∗κ = {δ ∈ Sκ : ξδ = ξ
∗ and γδ = γ
∗} is stationary in λ.
For every X ∈ P (from (∗)3λ,σ,σ1) letting X = {βX,i : i < σ1}, we let gX : Sθ →
σ1 + 1 be gX(α) = i iff γα,ξ∗ ∈ [βX,i, βX,i+1) and σ1 if no such X .
Now for some X = X∗
⊙
3 for every club E of λ for stationarily many δ ∈ S
∗
κ, for every i < σ1 for
stationarily many α ∈ Sθ ∩ δ (stationary in δ!) we have gX∗(α) = i.
Now we continue as before. 1.6
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